A nearly black star of semi-transparent, spherical, massive shell containing a few point-like light sources inside would not be perceived like a three dimensional ball for a localized observer outside the shell in terms of the affine or parallax distance. As the radius of the spherical shell approaches the Schwarzschild radius, the perceived distance between the front and rear surfaces of the shell would go to zero while the images of most of the interior emitters would squeeze around the shell surfaces in terms of the affine or parallax distance. So the Schwarzschild black hole formed from the star would be thought of as a membrane for the observers who can only measure the parallax distance and/or affine distance. However, the depth information of a point source inside the nearly black star can still be resolved in terms of the radar or luminosity distance, which needs the knowledge about the radar signal or the standard candles input earlier by the observer outside the star.
I. INTRODUCTION
A field can be considered as a collection of oscillators, each oscillator is labeled with a space point, and each is interacting with the oscillators labeled as its spatial neighbors (and perhaps with itself, too) [1, 2] . Since the entropy in statistical physics is proportional to the dimension of the phase space of the total system, or the degrees of freedom of the system, it is natural to think that the entropy of a field in a region is proportional to the number of the oscillators, namely, the number of the space points, or the spatial volume of the region on which the field is defined. It is therefore intriguing that the entropy of a field on the background of a black hole geometry is found to be proportional to the area rather than the volume of the black hole [3, 4] .
Much effort has been made in various perspectives to understand how the black hole entropy should be proportional to its area rather than its volume. The major direction is to count the degeneracy of microscopic states to each single macroscopic state of a stationary black hole [5] . The leading-order results of such counting in string theory [6] and loop quantum gravity [7] can match the area law of black hole entropy in many cases. Nevertheless, the calculations in this direction are usually started with an eternal black hole whose horizon has been existing. Having those interesting results, one may still ask: Is there a continuous transition from the entropy of a collapsing star, which is supposed to be proportional to the volume, to the entropy of the black hole formed from the star, proportional to its area?
A sound answer comes from the study on the systems of negative specific heat due to the presence of long-range attractive forces [8] . When the long-range interaction is gradually turned on, the entropy of a system can make a smooth transition from a volume-scaling to an area-scaling quantity [9] . The long-range gravitational interaction of the field/matter in a nearly black star may have been strong enough to constrain the individual behaviors of the elements and reduce the effective degrees of freedom of the whole system.
In this paper we would suggest an alternative thought, following the line in the opening paragraph. If every localized observer outside a star perceives the collection of space points of a star like a membrane rather than a ball, then the entropy of the field in the star should be proportional to the area of the membrane rather than the volume of a ball for the outside world. To show that such situation is possible, we are studying how the position information of the point-like emitters distributed inside a spherical massive shell, which is about to form a black hole, would be perceived by an observer localized outside the photon sphere of the star. We will see that, as the shell radius approaches the Schwarzschild radius, in terms of the affine and parallax distances the interior of the shell would be perceived like a 2D membrane rather than a 3D ball on which local measurements on the field can be positioned. However, the interior of the shell still looks like a 3D ball in terms of the radar or the luminosity distances whenever the nearly black star is not truly black. The key difference between these two kinds of distance measures suggests that, by including or ignoring the full knowledge about the signals, the field entropy inside the star can be switched between a volume-scaling and an area-scaling quantity for localized observers outside. This paper is organized as follows. We review the null geodesic equations describing the light rays in a spherically symmetric spacetime in Section II. The light rays here would not only refer to some eikonal limit of realistic electromagnetic waves, which may be scattered by the interior material of a star, but also the ideal light rays in relativistic physics to specify the causal structure [10] , or any messenger fields or particles weakly interacting with matter. Then we focus our attention on a simple geometry produced by a semi-transparent spherical massive shell in Section III, where we determine the affine distance from a point source of light inside or outside the spherical shell to an observer localized outside the star. In Section IV we introduce the parallax distances perceived by the observer with baselines in two orthogonal directions, as well as the trinocular distance to compare with the affine distances of the interior emitters. In Section V we further examine if other measures of distance such as the radar distance and the luminosity distance would give similar results. Then we summarize and discuss our results in Section VI.
II. NULL GEODESICS IN A SPHERICALLY SYMMETRIC (3+1)D SPACETIME
Suppose a spherical star collapses radially in a very slow rate, so slow that in the period of our interest the spacetime geometry can be approximately described by the static, spherically symmetric metric, ds 2 = −A(r)dt 2 + B(r)dr 2 + r 2 dθ 2 + sin 2 θdϕ 2 .
(1)
A light ray in this background geometry satisfies the geodesic equations
and the null condition
where the dots and primes denote the derivatives with respect to some affine parameter λ and the r-coordinate, respectively. Eq. (5) implies ∂ λ (r 2 sin 2 θφ) = 0, and so along the light ray one has r 2 sin 2 θφ = K, which is a constant. If K is not zero, we can insertφ = K/(r 2 sin 2 θ) into Eq. (4) and then multiply the equation byθ to obtain ∂ λ [r 4θ2 + (K 2 / sin 2 θ)] = 0, or
where C is another constant. Suppose an observer is localized around some point outside the star, and we choose the z-axis joining the center of the star (the origin in bookkeeper coordinates [11] given in (1)) and the localized observer. Then in bookkeeper coordinates the observer would be localized around a point of sin θ = 0 while r = 0. Since we are looking into how the star light would be perceived by the observer, we are only interested in the light rays passing through the localized observer. However, for any finite C and nonzero K the right hand side of (7) diverges to negative infinity as sin θ → 0 while the left hand side is positive definite. Thus K has to be zero for the light rays seen by the observer, and these light rays must haveφ = 0 off the z-axis from (5) . In other words, each light ray from a point-like emitter to the localized observer on the z-axis will be lying on a constant-ϕ hypersurface by symmetry.
Allowing that θ can be negative while requiringφ = 0 in Eq. (4), we find ∂ λ (r 2θ ) = 0 and so
with a constant b for the light rays. Eliminatingṫ 2 by (6) and then introducing (8), Eq. (3) becomes
where ∂ Λ ≡ √ AB∂ λ can be thought of as the effective time-derivative operator and
as the effective potential for radial motion of a particle of unit mass. Multiplying both sides of (9) by ∂ Λ r, one finds ∂ Λ [ 1 2 (∂ Λ r) 2 + V ] = 0, and thus
with a constant of integration E, interpreted as the effective total energy of that particle. Denote the radius of the star by r s and the position of the localized observer O by (r o , θ o ) with r o > r s and θ o = 0 on the rθ-plane of constant ϕ. To match the affine parameter λ to the local radar distance (cf. Section V A) around the observer determined by the observer's proper time dτ 2 o = A(r o )dt 2 , we impose the normalization conditioṅ
from (6) for λ. In this normalization (11) is simply
after (8) is inserted. Given the metric components A(r) and B(r), and the position of the localized observer r o , the only free parameter for the null geodesics of our interest is b. Later in (19) we will see that b determines the angle of arrival of the light ray for a localized observer at finite distance, and b will be identified as the impact parameter for a localized observer at r → ∞. Numerically, we obtain the light rays reaching the observer O on the rθ-plane by first solving r(λ) from (11) with (13) and the initial conditions (12) and r = r o at λ = 0, then integrating (8) 
III. EMITTERS IN A SPHERICAL MASSIVE SHELL
Consider a star of a spherical thin shell of radius r s , total mass M , and centered at C chosen as the origin of bookkeeper coordinates (1), containing a few point-like light sources of negligible masses inside the spherical shell. The mass of the star is concentrated on the shell of negligible thickness with a uniform surface density and the shell is semi-transparent so that light rays can go through the shell and a localized observer at a fixed radius outside the star can see the front and the rear surfaces of the shell, like viewing a dusty hollow glass sphere, as well as those light emitters inside. Suppose the interior of the star is otherwise empty and the bending of the light rays are purely due to the metric, which has [12, 13] ,
and
Note that A s → 0 as r s → 2M . Then (11) can be written as
Note that light rays of different b have different effective potentials V . When r s ≥ 3M , V (r) is monotonically decreasing as r increases. If r s < 3M , as shown in Figure 1 , the Schwarzschild metric outside the shell forms a local maximum of V at r = 3M , where the photon sphere is located. The light rays with E < V (3M ) started from the inside of the spherical shell cannot cross the barrier of the effective potential and will be trapped in the photon sphere. Similarly, a null geodesic started at an observer localized outside the photon sphere cannot reach the surface of the spherical shell unless E > V (3M ) = b 2 /(54M 2 ). Once the null geodesic can reach and enter the shell from the outside, the closest radius r to the shell center it can possibly reach is
whereṙ = 0 and so the effective kinetic energy T = 0. One can see that r min → 0 as r s → 2M .
To our purpose, below we only consider the simplest model where the whole star has sunk into its photon sphere (2M < r s < 3M ) and the observer is localized outside the photon sphere (r o > 3M ). 
A. Angle of arrival and affine distance
The angle of arrival for the light ray reaching the localized observer at r = r o is
in the rθ-plane in bookkeeper coordinates, assuming that the observer is always facing to the shell center C at the origin. The perceived angle of arrival would then bẽ
in terms of the radar coordinates, ds 2 = dr 2 /A o + r 2 o dθ 2 ≡ dr 2 + r 2 o dθ 2 for dt = dϕ = 0, around the observer at r = r o . The above θ a ,θ a , and b are also allowed to have negative values. Here one should choose b 2 ≤ r 2 o to makeṙ(r o ) real, and θ a ,θ a → ±π/2 as b → ±r o .
From (11) , the affine distance d A of a null geodesic connecting an event or emitter e at (r e , θ e ) and the observer O at (r o , θ o ) is defined as
dr .
The above integrand will be real if the connecting null geodesic exists classically. For the events and emitters outside the shell with the whole null geodesics being in the Schwarzschild geometry, one has
and for the events/emitters inside the shell,
with "−" for |eF | ≤ |eR| and "+" for |eF | > |eR| in Figures 3 and 4 , where F and R are the points on the front and rear surfaces for the observer with respect to the affine distance. Around r = r s , since the effective potential V in (16) is continuous and E is a constant, the effective kinetic energy T has to be continuous, too. This implies thatṙ| rs+ = √ A sṙ | rs− , → 0+, and so for the light ray traveling for the same ∆r in the bookkeeper r-coordinate, the affine distance ∆λ just inside the shell is shrunk from the one just outside the shell by a factor √ A s < 1. As r s approaches the Schwarzschild radius 2M and so √ A s → 0, the affine distance from the front to the rear surfaces of the shell for the observer, 2 (A s /A o )(r 2 s − r 2 min ), goes to zero at every angle of arrival, and the emitters inside the shell along the same light ray with the affine distance in between becomes more and more difficult to be resolved by the observer. In other words, our nearly black spherical star "perceived" by the localized observer is not a ball in terms of (d A ,θ a ). Rather, it would look like a pancake or a contact lens, and will get into a membrane as its radius r goes down to 2M , as shown in Figure 2 (right). The information of the depth of the interior emitters from the shell surface in terms of the affine distance will be lost right before the birth of the black hole.
Also in Figure 2 (right), one can see that as r s is going down to the vicinity of 3M , which is the radius of the photon sphere, the edge of the 3D map of the shell in terms of the affine distance and the perceived angle of arrival starts to stretch backward along an asymptotic cone for the observer. When 2M < r s < 3M , the affine distance of the edge of the 3D "image" goes to infinity, and the angle of arrival of the boundary of the shell's imageθ c a for the localize observer at r o corresponds to the rays coming exactly from the photon sphere
For the observer, the received rays with |b| > b c or |θ a | >θ c a must have never been inside the spherical shell.
B. Polar angles and impact parameter
Combining (8) and (11), the polar-angle difference of the event/emitter e and the observer O connected by a null geodesic is
in bookkeeper coordinates. For r < r s the geometry is similar to Minkowski space, and so the section of a light ray inside the shell is a straight line. For the cases with both e and O outside or on the shell, after (16) is inserted,
can be calculated numerically. For the observer very far from the shell, A o → 1 as r o → ∞, and θ o = 0 for the observer situated on the z-axis. Then b can be interpreted as the impact parameter for the incident photons from r → ∞, since for r b, (25) implies θ(r) − 0 ≈ ∞ r bdr /r 2 = b/r asymptotically, such that the constant b ≈ rθ(r) ≈ r sin θ = ρ, which is the distance from the point (r, θ, ϕ) in the light ray to the z-axis joining the shell center C and the localized observer O in bookkeeper coordinates.
By letting θ e = θ s ≡ θ(r s ) (put e at F in Figure 3 ), one can use the integral in (25) to fit the value of b numerically for the light ray from that θ s to the observer at (r o , θ o ) on the same rθ-plane. For example, as r s → 2M and the shell is becoming a Schwarzschild black hole, the observer at θ o = 0 and r o → ∞ would receive the light rays of b = b 1 ≈ 2.8477M for θ s = π/2, and b ≈ 4.4573M for θ s = π. For the observers at finite r o , the values of b for the same θ s would be larger than those for r o → ∞.
C. Direct images
In Figure 2 (left) one can see that the light rays going through the shell roughly rotate about the shell center C and scan the whole interior of the shell on the same rθ-plane as b and so θ a in (18) increase from zero. The red curve with the section inside the shell perpendicular to the z-axis in Figure 2 (left) represents the light ray with θ a = θ 1 , which is the minimum angle of arrival within which the localized observer at r o > 3M could collect the signals from all the possible point-sources inside the shell. Indeed, a rotation of the rθ-plane about the z-axis from ϕ = 0 to 2π will make the shaded region in Figure 2 (left) passing through every interior point of the spherical shell at least once. In the angular interval |θ a | ≤ θ 1 for the observer, most of the point-like emitters inside the shell have only single point-like images. The only exceptions are those emitters located in the small region −r min (θ 1 ) < z < 0 around the z-axis (between the vertical red curve and the shell center C in Figure 2 (left)), where the point-like emitters right on the z-axis would produce Einstein rings, and the ones slightly off the z-axis may produce double images asymmetric to the center of the image of the whole star. All of them are direct images. Around the center of the spherical shell C there is a core region of radius r < r min (θ 1 ) in which the null geodesics of higher b from the observer O will never reach, and so the emitters in that core region can only be seen in |θ a | ≤ θ 1 for the observer.
The polar angle θ s ≡ θ(r s ) where the red ray is passing through the upper shell surface in Figure 2 (left) is greater than π/2 because r min is still significant there. As r s → 2M and so r min → 0, the θ s corresponding to θ 1 will go to π/2 and the core region mentioned above will shrink to the point C. For the cases with 2M < r s < 3M and r o > 3M , as one keeps increasing θ a from θ 1 towards θ c a (corresponding toθ c a ), each point-like emitter inside the shell but outside the core region starts to be seen repeatedly as the first, second, and perhaps infinitely many higher-order indirect images in the picture of the whole star, if the whole setup is stable for an infinitely long period and the observer has an infinite angular resolution.
The direct images of two emitters inside the spherical shell may overlap (along the same ray of some value of b) while their higher-order indirect images split (along two rays of different b), and vice versa, since r min varies for different b in (17) . From this the observer may be able to extract the information of the relative positions of different interior emitters. As r s → 2M , however, image-overlapping of two emitters will become uniform in all orders. Thus the observer could not resolve the depth information of the emitters in this way from the picture of the whole star taken right before the star becomes a black hole.
IV. PARALLAX DISTANCES
In previous section we have learned that during the gravitational collapse a 3D spherical star would be perceived more and more like a 2D membrane by a localized observer in terms of the affine distance. One may argue that the affine distance is a mathematical construction, which is not measurable directly by physical means. Below we examine whether the observation would be similar in terms of physical measurables such as the parallax distance.
To determine the parallax distance our localized observer should set a baseline of non-zero length. We assume the baseline is infinitesimal to suppress the ambiguity. In a spherically symmetric spacetime, the parallax distance to a point source of light may be well determined using a baseline either parallel or perpendicular to the polar direction with respect to the z-axis joining the origin at C and the localized observer O or the emitter e, though the values of the parallax distances determined by these two orthogonal baselines are different in general for the localized observer. Off these two directions, however, the parallax distance could not be determined straightforwardly, and the observer may need a more sophisticated way to obtain a reasonable measure of distance, e.g. the trinocular distance [14] .
A. Baseline in polar direction
Let us choose a new z-axis joining the origin at the shell center C and the point-like emitter e in the spatial part of bookkeeper coordinates in (1) 
These two tangent lines intersect at
where
Thus the parallax distance determined by the infinitesimal baseline in the θ-direction for the observer O would be
where a normalization factor N (θ a ) ≡ A −1 o cos 2 θ a + sin 2 θ a is introduced to match the radar distancer around the observer O (cf. Section V). Choose ε as the angle between the two light rays of b and b ε in the vicinity of the emitter e ( Figure 4 ). Given θ a in (18) , and notice that θ ε a has the same form as θ a except b is replaced by
where b may depend on the location of e on the rθ-plane. 
since θ e is fixed. Substitute (29) and (28) into (27), one finds that the factor b cancels and so the value of b is irrelevant in this case. Consider a light ray started at R and received by the observer O represented as the black path in Figure 3 , where R is on the rear surface of the shell with respect to the affine distance for the observer. If we put a point source e at another point than R on the same black path, then one of the light rays emitted by e can go along the black path to reach the observer O. Let us put an emitter e at O, and then slowly bring e away from O towards R along the black path in Figure 3 , while the z-axis from C pointing to e varies following the move of e. When the emitter e is still outside the shell, as the emitter is brought away from O along the black path of a light ray, the parallax distance d is a monotonically increasing function of the affine distance d A = ∆λ for the observer, as shown in Figure 5 (left). When d A is small, we find d ≈ d A . As the path of the light ray from e to O starts to bend on the rθ-plane, the value of d deviates from d A and becomes less than d A . As the emitter e goes towards the spherical shell further, d tends to saturate but still increasing until e touches F on the front surface of the shell with respect to d A for the observer. Indeed, as the emitter e is brought away from the observer O along the black path in Figure 3 For the cases with the emitter e inside the spherical shell, as in Figure 4 , one can see that r ε min (blue-dotted) : r min (black-dotted) = sin CF ε e : sin CF e = sin CeF ε : sin CeF , so one has sin(δ±( −ε)) = sin δ sin(γ±ε)/ sin γ, where δ ≡ CR e = CF e = sin −1 (r min /r s ), γ ≡ CeF , and "+" and "−" work for the cases of |eF | > |eR| ( Figure  4 (left) ) and |eF | ≤ |eR| (Figure 4 (right) ), respectively. This implies = ε[1 + (tan δ/ tan γ)] + O(ε 2 ) as ε → 0. Then from (17) and Figure 4 ,
Further, from (24) and Figure 4 one can see that for the light rays emitted by e and passing through the points F (r s , θ s ) and F ε (r s , θ s ± ), respectively. Therefore,
and b will not be canceled in (27) when the emitter is inside the spherical shell (δ < γ < π − δ). Now d can be arranged in the form
with κ(γ) ≡ (tan γ/ tan δ) + 1. That γ = π − δ at F implies b | F < 0, θ o | F > 0, and θ a | F < 0 from (30), (33) and (28). Thus when e is located at F , κ = 0 and both the denominator and the numerator of (34) are negative. Moving the emitter e from F towards R along the black path of light ray in Figure 4 according to Figure 4 , the singularity of d ( ) would look much closer to the middle point ( = r s cos δ = r 2 s − r 2 min ) than it is to R ( = 2r s cos δ) when r s is sufficiently close to 2M , e.g. Figure 5 (right). In the same plot one can also see that the slope of d ( ) is approximately zero in almost the whole domain (0 ≤ ≤ 2r s cos δ) inside the shell except the neighborhood of the singularity, and so it would become more and more difficult to resolve the depth of the emitter e from d for the observer as r s → 2M , unless e happens to be located around the singularity of d ( ).
An emitter e inside the shell and located on the straight line joining the shell center C and the observer O on the rθ-plane has b = θ a = θ o = 0, and the parallax distance of its direct image can be expressed in closed form,
where 0 < < 2r s . The behavior of d ( ) in this case is similar to the one in Figure 5 (right). As increases from zero, the value of d ( ) in (36) is close to the affine distance d A = (r o − r s + √ A s )/ √ A o for small , then it deviates from d A around = r s /(1 − √ A s ) where it diverges. Around the boundary of the image of the whole star, as b → b c andθ a →θ c a , Eq.(33) and the statement above (23) imply θ o | F diverges to positive infinity due to the singularity of the integrand at r = 3M , while θ a | F , κ| F , and κ| R are finite, and so the parallax distances d in (34) for the front and rear surfaces go to the same value N (θ c a )r o cos θ c a . Otherwise forθ a <θ c a , d R is less than d F , so the front surface of the shell with respect to the affine distance would be positioned behind the rear surface in terms of d by the observer. The images of the interior emitters between the front surface and roughly the shell center in bookkeeper coordinates would be located behind the perceived front surface, as indicated in Figure 5 (right) , while the apparent locations of the interior emitters at even deeper would be somewhere in front of the perceived rear surface, and so the star looks inside out. Most of those emitter images look very close to the shell surfaces, as shown in Figure 7 (lower-right). As the shell radius r s goes to the Schwarzschild radius 2M , the images of the shell surfaces and almost all the interior emitters squeeze to a membrane in terms of d , except the emitters around the shell center C.
The zero value of d for an emitter around the shell center do not imply that the observer would see the image of the emitter in the vicinity of the observer. In fact, the parallax distance d at a fixed angle of arrival θ a =θ a is ill-defined around the zero of (26) or (34) where γ = γ 0 ≈ κ −1 ( θ o | F ) from (34). The observer at (r o , θ o ) is a focal point of the light rays around the angle of arrivalθ a from the interior emitter at γ 0 or depth 0 ≡ (γ 0 ), and the vanishing value of d ( 0 ) is associated with a zero length of baseline, which is beyond our assumption of infinitesimal baseline. Suppose we introduce a small but finite baseline in the polar direction with two telescopes situated at its two ends and the observer O sitting in the middle. Then as the depth of an emitter is approaching 0 along the interior section of the null geodesic, one of the telescope would start to miss all the light rays in the neighborhood of the angle of arrivalθ a , and the parallax distance d cannot be determined in the conventional binocular way, until gets to be sufficiently away from 0 and the missing image re-appears. According to such kind of image missing in one of the telescopes, anyway, the observer could still know that the location of the emitter is around the shell center ≈ 2M rather than at other depths when r s is close to 2M .
B. Baseline perpendicular to polar direction
Suppose the baseline of the localized observer is instead going in the direction perpendicular to the plane of the light ray ϕ = ϕ o with a very small length. Given a light ray connecting the emitter e and the observer O in the plane of ϕ o such as the black path in Figure 3 , a small rotation ∆ϕ about the z-axis joining e and the shell center C will give another light ray starting at the emitter e and arriving the sphere of r = r o (that the observer is situated) at ϕ o + ∆ϕ. Then the new light ray can approximately meet one of the two ends of the baseline, with the mismatch in the θ-direction significant only for |θ o | or |π − θ o | < 2∆ϕ (otherwise the mismatch is mostly ∆θ ∼ (∆ϕ) 2 , and in particular ∆θ = 0 for θ o = π/2.) In Figure 3 one can see that the tangent lines of the light rays in the two ends of the baseline, which can be written as r(s) = [r o cos θ o + s cos(θ o − θ a + π), r o sin θ o + s sin(θ o − θ a + π)] (s ∈ R) in terms of the rectangular coordinates on the rθ-plane of each light ray (ϕ = ϕ o ± ∆ϕ), will intersect at X on the axis of rotation. Therefore s sin OXC = r o sin OCX, or
equals the distance between O and the z-axis (θ e = 0 with our choice of the z-axis), and the parallax distance determined by the infinitesimal baseline in the ϕ-direction for the localized observer O would be
Here θ a and θ e − θ o on the rθ-plane have been given in (18) and (24), respectively. Consider the same example in Section IV A where we put an emitter e at O and bring e slowly away from O along the black path in Figure 3 . One can see in Figure 5 (left) that initially the emitter would be perceived like a virtual image at a slowly growing parallax distance d ⊥ (blue curve), whose value is very close to the affine distance d A from O to e. As the emitter e is approaching P ∞ in Figure 3 , the value of d ⊥ starts to deviate from the affine distance d A , and then diverges at P ∞ where the z-axis joining the emitter e and the shell center C is parallel to the tangent line of the light ray at O such that θ e − θ o + θ a = nπ, n ∈ Z, and the incoming light rays from the emitter e are parallel to each other around the two ends of the observer's baseline. As the emitter e is brought further from P ∞ towards R, d ⊥ becomes negative and increases from negative infinity, while the focal point of the rays emitted from e at different ϕ FIG. 6: Along the black, gray, or the very-light-gray curve in the left plot, θe−θo+θa ≈ π for the emitter inside the spherical shell whose d ⊥ ( ) (blue curves in the middle plot) for the observer becomes monotonically increasing with its depth . This behavior is different from the normal cases (dashed curves and the example in Figure 5 ). Here rs = 2.1M, b = 3.98548 (very-light-colored curves), rs = 2.01M, b = 3.94182 (light-colored), rs = 2.001M, b = 3.898 (black, blue and red), rs = 2.001M, b = −1.37543 (dashed curves in all plots, normal case), with other parameters the same as those in Figure 5 . One can see that as rs → 2M (from very-light blue to blue), the slope of d ⊥ ( ) increases and appears to be more resolvable. However, what the observer is measuring locally is the difference of the angles of arrival at the two ends of the baseline, which is proportional to d −1 ⊥ . In the right plot one can see that as rs → 2M , d −1 ⊥ goes to zero in most of inside the shell, and the resolution of away from the singular point slightly ahead of the middle point is also suppressed in this limit. We put d and d −1 (red curves, see Section IV A) in each cases for comparison.
is behind the observer and the tangents of the received rays will not intersect in front of the observer as the observer is facing to the center of the shell. When the emitter e is sufficiently close to P 0 , which is exactly on the straight line joining the shell center C and the observer O, our definition (38) of d ⊥ breaks down. For e at P 0 , while θ e − θ o = nπ such that d ⊥ = 0, the image of the emitter observed exactly at O is an Einstein ring, rather than a point image at zero distance from the observer O. Each telescope at the two ends of the non-zero baseline of the observer O would see double images of the emitter e in this case, and the parallax distance for each image measured by the observer would rather be d introduced in Section IV A since O is now on the z-axis and every baseline extended from the z-axis is in the polar direction.
As the emitter is moved further away from P 0 towards R, the distance d ⊥ grows from zero to some positive value where a real image of the emitter would be perceived by the observer. Before the emitter e arrives at F on the front surface of the shell with respect to the observer, depending on the value of the impact parameter b and thus the angle of arrival θ a , the light rays outside the shell from e to O may contain zero (small b) to many (b → b c ) intervals of negative d ⊥ similar to (P ∞ , P 0 ).
Inside the shell, the black path in Figure 3 cross the straight lines parallel to OX (gray dashed) at P ∞ and the straight line joining C and O (black) at P 0 . The behavior of the parallax distance d ⊥ of the emitter e around the interval (P ∞ , P 0 ) is similar to those in (P ∞ , P 0 ) for the observer O, as shown in Figure 5 (right). For every null geodesic with 0 < b < b c started at the observer O at finite r o , going through F on the front surface of the shell and arriving at R on the rear surface, the section inside the shell must contain at least one of P ∞ and P 0 if the shell radius r s is sufficiently close to the Schwarzschild radius 2M . In Figure 3 , r s = 2.05M is not close enough to 2M to see this. As r s goes to 2M further, the black path with b fixed would still pass through the vicinity of the point F , while the straight-line section inside the shell will approximately be rotated about F towards the shell center C as r min → 0 (also see Figure 6 (left).) In this limit, as we bring the emitter e along the section of the black path from F to R, namely, increasing the depth , normally the angle θ e − θ o will roughly be a constant, say, ∆, until e arrives P ∞ and/or P 0 around the middle point with = r 2 s − r 2 min , where θ e − θ o will suddenly jump from ∆ to about ∆ − π, and then roughly keep this constant value as e is brought to R. Thus in these normal cases (e.g. the blue dashed curve in Figure 6 (middle) ), the observer O would not be able to resolve the depth of the emitter e inside the shell from the parallax distance d ⊥ if e is outside the core region in which P ∞ and/or P 0 as well as the sudden jump of θ e − θ o by about π occur.
Anomalous behavior happens in the cases with θ e − θ o + θ a ≈ nπ, n ∈ Z, when the smallest change in θ e − θ o as one varies can be amplified by the denominator in (38), and so the observer appears to be able to resolve d ⊥ ( ). In Figure 6 (middle) we show an example where d ⊥ is a monotonically increasing function of , in contrast to the normal behavior mentioned above. As r s → 2M , the slope ∂ d ⊥ increases and the depths of the emitters along these rays appear to be even more easily to be resolved around each window in the parameter range of b where θ e − θ o + θ a ≈ nπ.
One may be tempted to conclude that the observer can use these windows and change the location (θ o , ϕ o ) to scan the whole interior of the shell, or compare with the data from other observers to get the depth information inside the shell. Nevertheless, this idea would not be practical because a localized observer does not directly measure d ⊥ . Rather, the observer infers d ⊥ = W/δϕ with the length of the baseline W after directly measuring the difference between the angles of arrival δϕ of the light rays from the emitter to the two ends of the baseline. As r s → 2M , while d ⊥ ( ) would be running from negative infinity to positive infinity as goes from 0 to 2 r 2 s − r 2 min (b) in this window of θ a or b, the angular difference δϕ ∝ 1/d ⊥ is virtually zero for almost all except those of the rays coming from the region giving d ⊥ ≈ 0 where (38) breaks down and the parallax distance would be given by (36). Thus, as r s goes to 2M , the observer outside the photon sphere eventually cannot resolve the depth of the emitters from d ⊥ except those located around the shell center C. In fact, what is happening in a normal case is similar: In the same limit r s → 2M , the distance d ⊥ is almost constant for most of except the point around the shell center C, meaning that δϕ ∝ 1/d ⊥ is not resolvable for most of the values of depth , either.
For the direct images within 0 < θ a ≤ θ 1 , where θ 1 corresponds to the red ray in Figure 2 (Left) , there is no interval of negative d ⊥ for the emitter e still outside the shell as it is brought away from O along the ray, and the parallax distance of the emitter e at F on the front surface,
is positive for the observer. Here θ s −θ o is obtained from (25) with r e = r s . In contrast, there must be one and only one (P ∞ , P 0 ) interval for the emitter e inside the shell in this parameter range of θ a , and the parallax distance of the emitter e at R on the rear surface for the observer,
is also positive but slightly less than d ⊥ | F for sufficiently small δ ≡ CF R = sin −1 (r min /r s ) > 0 in Figure 3 . Thus, similar to the observation in terms of d , the direct image of the "front" surface (with respect to the affine distance d A ) of the shell for 0 < θ a ≤ θ 1 would be perceived by the observer like something located behind the image of the "rear" surface in terms of the parallax distance d ⊥ . The interior emitters situated between F and P ∞ will be perceived further behind the "front" surface, and the real image of the emitters between P 0 and R will be perceived like sitting in front of the "rear" surface of the shell, and so the star looks inside out in d ⊥ , too. As r s → 2M , δ or CF R in Figure 3 goes to zero, so the images of the rear and front surfaces eventually overlap in d ⊥ and the images of the interior emitters squeeze to the image of the shell surfaces. The only exceptions are those emitters around the shell center C, whose direct images within 0 < θ a ≤ θ 1 may have parallax distances d ⊥ ranged from −∞ to ∞ when perceived by the observer, as shown in Figure 7 (lower-left).
C. baselines in other directions and trinocular distance
For the observer with the baseline not exactly parallel or perpendicular to the polar direction, the tangent lines of the rays arriving at the two ends of the baselines would not intersect in general. In this case the observer could simply rotate the baseline to where d and d ⊥ can be defined. As we have learned earlier (e.g. Figure 5 ), the value of d ⊥ is generally different from d of the same emitter. Since there is no rule to judge which one is better, the observer could further average these two distances to get a trinocular distance such as [14] 
.
In Figure 5 we also compare the trinocular distance d 3 (green dotted) with the parallax (binocular) distances d ⊥ and d , as well as the affine distance d A of the emitter for the observer. As the emitter e is brought away from the observer O along the black path in Figure 3 , one can see that the trinocular distance d 3 can be very close to the affine distance d A before d ⊥ approaches its first divergence at P ∞ . After P ∞ the behavior of the trinocular distance d 3 becomes totally different from d A . It diverges wherever d ⊥ = −d and vanishes wherever d ⊥ or d vanishes. In Figure 7 we show how a spherical shell with an array of the emitters inside would be perceived by an observer localized outside the photon sphere in terms of d 3 , d ⊥ , and d . For small angle of arrival θ a , once it is far enough from the direction of the first divergence of d ⊥ , the properties of the images in terms of d 3 are similar to d and d ⊥ : The spherical shell with interior emitters looks inside out for the observer. In particular, for θ a < θ 1 , the direct image of the front surface of the shell in terms of d 3 is very close to the one in the affine distance d A (Figure 7 (upper-right).) As r s → 2M , all the perceived distances d ⊥ , d , and d 3 between the front and rear surfaces of the spherical shell go to zero and the information of the depths of the interior emitters is not resolvable except those around the shell center. A light ray emitted by a point source in this core region can get a sufficiently low impact parameter |b| < b c whenever r s > 2M (see (17) and notice that r min → 0 for this light ray), which allows it to easily go beyond the potential barrier peaked at the photon sphere (proportional to b 2 in (16)) to reach the outside world while other light rays not sourced from this region would be mostly bound in the photon sphere when the shell radius r s is sufficiently close to the Schwarzschild radius 2M . Nevertheless, the size of this core region would go below the scale of any emitter in the same limit r s → 2M so that, without introducing quantum effect, the final signals from this region right before the star becomes a black hole may not contain any structure interesting at the usual scale for the localized observer outside the photon sphere, though the range of the parallax distance d ⊥ , d , or d 3 of this region can be large when perceived by the observer.
V. OTHER MEASURES OF DISTANCE
So far we have seen that a nearly black spherical shell would be perceived like a membrane rather than a ball, with the information of the event/emitter depths inside the shell very hard to be resolved in terms of the affine and parallax distances by a localized observer outside the photon sphere. One may wonder if there is some way to extract the depth information of the interior emitters or event more easily as the nearly black shell is not truly black. It turns out that, at least, the radar distance and the luminosity distance can work.
A. Radar distance
Suppose the observer O send a radar signal into the spherical shell at some moment, assuming the energy input by the radar signal would not turn the nearly black star to a black hole. The wavelength of the radar signal will be blue-shifted as it drops into the shell. Suppose the mass of the point-like object to be observed inside the shell is much greater than the energy of the blue-shifted photons of the radar signal, and the energy loss in the scattering event e of the radar signal and the point-like object is negligible. Then the echoes climbing out the gravitational potential would be approximately at the same wavelength as the original radar signal when received by the observer or some other antenna at the same r = r o in bookkeeper coordinates.
To obtain the radar distance of an event inside the shell, we start with Eq. (2), which implies ∂ λ A(r)ṫ = 0 and soṫ = a A(r)
with a constant of integration a. The value of a cannot be chosen freely because of the constraint (6) . Inserting (40), (8) , and (11) into (6), one can see that a = √ 2E = √ A o in our normalization for the affine parameter λ. Thus, for our localized observer at r = r o , the radar distance of a scattering event e is half of the proper-time difference of the moments of emitting and receiving the radar signals for the localized observer [15] [16] [17] , namely, by (20) and (17) . The section of the null geodesic of the radar signal inside the shell contributes
with the depth = A o /A s (λ e − λ F ) defined earlier in Section IV B. The echoes from two events at different along the same null geodesic inside the shell could be easily distinguished by the observer's clock even if the shell radius is close to the Schwarzschild radius 2M , since the perceived time interval ∆d in R /c = A o /(cA s )∆ will be dilated by a factor 1/ √ A s as A s → 0 and become significant for the observer. Therefore, the depth information of an event inside the nearly-black star is in principle resolvable if the observer describes it in terms of the radar distance d R , together with the angle of arrivalθ a of the echo of the radar signal.
B. Luminosity distance
If the emitters are some standard candles well known or even sent by the observer into the shell, then the apparent luminosity of the emitters can also reveal the information of their depths inside the shell to the observer.
The luminosity L of an isotropic emitter observed by an infinitesimal antenna of area dA is proportional to the solid angle dΩ that all the emitted light rays hit the antenna around some angle of arrival have gone through earlier on the unit sphere surrounding the emitter. In (3+1)D Minkowski space, dA = r 2 L dΩ where r L is the distance from the emitter to the localized observer. For an emitter as the standard candle of unit radiated power inside the spherical shell, the apparent luminosity that the radiated power experienced by the antenna would be ( A s /A o ) 2 L due to gravitational redshift [18] , thus the luminosity distance d L for an infinitesimal antenna can be determined as
where r o sin(θ o − θ s + γ + δ) is the bookkeeper distance of O to the z-axis joining e and C (see Section IV B and Figures 3 and 4) , and θ o has been given in Eq. (33). Since the factors
and (tan δ/ tan γ) in (33) are both linear in depth from (35), the luminosity distance d L ( ) is nearly linear in in a large portion of its range. Such a dependence or contrast would be amplified by 1/ √ A s as r s → 2M , though the overall apparent luminosity ( A s /A o ) 2 L goes to zero in the limit.
VI. SUMMARY AND DISCUSSION
We have studied how a nearly black star would be perceived by a localized observer outside the photon sphere of the star. By looking into a simple model of a semi-transparent spherical shell with a few point-like light emitters distributed inside, we find that, in terms of the affine distance and the parallax distance determined from outgoing light rays of the star, the observer would see that almost all the images of the interior emitters would squeeze around the shell surfaces while the distance between the images of the front and rear surfaces would go to zero as the shell radius r s in bookkeeper coordinates is approaching the Schwarzschild radius 2M . The resolution of the depth information of the emitters inside the star is decreasing and the star perceived more and more like a 2D membrane rather than a 3D ball as the star is turning to a black hole.
However, using other measures such as the radar distance or the luminosity distance, the depth information of the interior emitters is always resolvable whenever the star is not a black hole. One may be tempted to conclude that the radar and luminosity distances simply do better than the parallax and affine distances, and the entropy of the nearly black star simply jumps from a volume-scaling quantity to some area-scaling quantity with a totally different nature when the star becomes a black hole. Such conclusion might be somewhat naive, anyway. Recall that, to determine the radar distance from the observer to an event, the event must have both the past and the future causal connection with the observer, and the observer must use the historical information of a received signal (echo) put earlier by her/himself (e.g. the emission time and the properties of the original radar signals). To determine the luminosity distance, the properties of the standard candles also have to be known by the observer, or even the candles were sent into the shell earlier by the outside observer herself/himself. Actually, if the emitters inside the shell are smart enough to measure the relative locations of each other by themselves and report to the observer, then the observer certainly will know the full information of the depth of the interior of the shell -if she or he can receive and understand the report, which requires two-way causal connections earlier between the smart emitters and the observer. In contrast, the pre-existing knowledge about a received signal is not needed in determining the parallax or affine distance (some physical assumptions on the signal source inside the shell would still be needed, anyway). Only the future causal connection from the emitting event to the receiving observer is sufficient, as if a past horizon were present behind the spherical shell for the observer. Thus, the observer's pre-existing knowledge about the signal coming out of the star is crucial for the amount or scaling of the entropy of a nearly black star. Our result suggests that if an observer has that knowledge, by including or ignoring it, the observer would be able to switch between a volume law and a quasi-area law for the entropy of the nearly black star. Since more knowledge about the received signal held by the observer implies less information entropy in the signal as well as more star entropy (volume law) for the observer, the sum of the information entropy of the received signals and the star entropy seems to be conserved for the localized observer in our setup.
When the collapsing star is so close to a black hole that each signal from the interior is too weak or too red-shifted to be resolved by any observer, all those distances to the interior emitters or events will not be measurable for the outside world. with about Before this happens, however, the radar and luminosity distances would have been harder to be determined than the parallax distance because of the need of the historical information. For example, a radar signal may spend a time for a round trip much longer than the observer's lifetime in her/his clock, and the standard candles sent by the observer may take a similar time scale in the observer's clock to spread inside the star in order to explore the interior volume. Further, when the star is about to become a black hole, sending energy such as radar signals or standard candles into the star may turn the star to a black hole and the echoes of the radar signals or the light emitted by the standard candles would never reach the outside world. Thus for the observers witnessing the last stage of the black hole formation, more likely they would perceive the star like something closer to a 2D membrane than a 3D ball, and the area law of entropy eventually dominates after the thickness of the membrane is not resolvable (e.g. below the Planck scale).
For an observer localized far outside the photon sphere, the observational data on the interior emitters at the angle of arrivalθ a ≥θ 1 are redundant (all are indirect images, see Figure 2 and Section III C), and so they should not count in the entropy of the star. When the shell radius r s is sufficiently close to the Schwarzschild radius 2M , all the direct images observed at the angles of arrival fromθ a = 0 toθ 1 can be mapped back to the region of the shell surface with θ between 0 and π/2 in bookkeeper coordinates, namely, the half sphere facing to the observer. Since the depth information of the emitters cannot be resolved, the entropy of the star would be proportional to the area of the half sphere A/2 with A = 4πr 2 s . In [4] Bekenstein argued that the minimum increase in area of a Kerr black hole by dropping a particle into it is 2h. Thus the entropy of the black hole evolved from our spherical star, to some
